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ABSTRACT 

We calculate one-loop radiative QCD corrections to the three polarized and unpolar- 
ized structure functions that determine the beam-quark polar angle dependence of the 
alignment (or longitudinal) polarization of light and heavy quarks produced in e^e~- 
annihilations. We present analytical and numerical results for the alignment polarization 
and its polar angle dependence. We discuss in some detail the zero-mass limit of our 
results and the role of the anomalous spin-flip contributions to the polarization observ- 
ables in the zero-mass limit. Our discussion includes transverse and longitudinal beam 
polarization effects. 
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1 Introduction 



This is the fifth and final paper in a series of papers devoted to the 0{as) determination 
of the polarization of quarks produced in e"'"e~-annihilations. In the first paper of this se- 
ries we calculated the mean alignment polarization (sometimes also called longitudinal 
or helicity polarization) of the quark, i.e. the alignment polarization averaged w.r.t. the 
relative beam-event orientation. One of us derived convenient Schwinger-type representa- 
tions for the structure functions appearing in the polarization expressions in . In a third 
paper we determined the longitudinal component of the quark's alignment polarization, 
which vanishes at the Born term level The fourth paper |^ gave results on the two 
transverse components of the quark's polarization (perpendicular and normal, also some- 
times referred to as in-the-plane and out-of-the-plane polarization). In the present final 
piece of work we present our results on the full polar angle dependence of the quark's 
alignment polarization w.r.t. the electron beam direction including beam polarization 
effects. 

The full determination of the alignment polarization of the quark involves the calcu- 
lation of three polarized and three unpolarized structure functions which are conveniently 
chosen as the helicity structure functions H^j p and Hu,l,f, respectively. The subscripts 
U, L and F label the relevant density matrix elements of the exchanged vector boson 
{■yv,Z), where the polar angle dependence of the contributions of the three structure 
functions is given by (1 + cos^6') for U, sin^^ for L and cos^ for F. We mention that 
some of the unpolarized helicity structure functions have been calculated before, i.e. the 
vector/vector (VV) contribution to Hu and [^[] and the vector /axial- vector (VA) 
contribution to Hp 0- We have verified the results of and and present new results 
on the axial- vector/axial- vector {AA) contribution to Hu and Hl in this paper, where 
the AA-contribution to Hjj^l = Hjj + was already written down in IHJ^. As con- 
cerns the polarized structure functions our results on -ff^+i and where given in . 
This paper includes new results on the polarized structure functions Hfj and Hp that are 
necessary to determine the full cos ^-dependence of the quark's alignment polarization. 

tThe yF-contribution to -fffz+z, = Hu + has been given a long time ago in the context of QED 
(see e.g. §) 
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The paper is structured such that we start in Sec. 2 by hsting the four independent 
tree-graph components of the hadron tensor {VV, AA, VA and AV) including its polar- 
ization dependence. The relevant helicity components of the structure functions Hul f 
and Hfjj^ p are obtained by covariant projections. We then proceed to integrate the pro- 
jected tree-graph contributions over the full three-body phase-space and give analytical 
results for the once- and twice-integrated tree-graph cross sections. As is well familiar by 
now, the final expressions contain infrared (IR) divergences which we choose to regularize 
by introducing a small gluon mass. The tree-graph IR divergencies are cancelled by the 
corresponding IR divergencies of the one-loop contributions. Thus by adding in the loop 
contributions we finally arrive at finite results relevant for the total inclusive cross section 
integrated over the hard and the soft regions of the energy of the gluon as presented 
later on. In Sec. 2 we also detail the dependence of the polarization on the electroweak 
parameters including a discussion of beam polarization effects. 

In Sec. 3 we first focus on the soft-gluon region and give results on the polar an- 
gle dependence of the alignment polarization of the quark with their typical logarithmic 
dependence on the gluon-energy cut. The hard- gluon contribution is given by the com- 
plement of the soft-gluon contribution, i.e. as the difference of the full 0{as) and the 
soft-gluon contribution. Since we provide numerically stable expressions for the latter 
two contributions, the hard-gluon contribution can be evahiatcd in a numerically stable 
way. In Sec. 4 we consider the zero quark mass case and calculate the three relevant 
polarized and unpolarized structure functions using helicity methods and dimensional 
reduction as regularization method. In this way one can keep out of the way of the no- 
torious 75-problem when calculating e.g. the TM-contribution to the F-type unpolarized 
structure function. We compare the mass-zero results with the mass-zero limit of the 
corresponding structure function expressions in Sec. 3 and identify the global anomalous 
spin-flip contributions to the QCD(m 0) polarized structure functions. Finally, Sec. 5 
contains our summary and our conclusions. In Appendix A we catalogue some integrals 
that appear in the tree- graph integrations in Sec. 2, in Appendix B we list some standard 
0{as) rate functions needed for the rate expressions in Sec. 3. In Appendix C, finally, we 
consider the case of polarized and unpolarized quark production from transversely and 
longitudinally polarized e''"e~-beams. 
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2 0{ois) tree-graph contributions and total rates 



For the three body process (7y, Z) — > q{pi) +q{p2) + diPs) (see Fig. 1) we define a polarized 
hadron tensor according to {q = Pi + P2 + Ps) 

H^,u{q,Pi,P2,s) = {(il9\U\^){^\jl\qq9)- (1) 

g,g spins 

The hadron tensor depends on the vector (V) and axial-vector {A) composition of the 
currents in Eq. (|l|). One has altogether four independent components H^^^ {i = 1,2,3,4) 
which are defined according to {V: 7^, A: 7/^75) 

1 



/ ttVV I o-AAn 



H. 



- ( ttVV ttAA\ 



(2) 



H. 



^ (ttVA I ttAV^ 



For the tree-graph contribution one calculates 

9lNaC_ 



q\-{2 - + zY - Ayz{l - y - z)) + Ayz{y' + z'))g^ 



+16y'^zpi^pi^ + 4(^?/2 - Ayz + 2^yz + 2y'^z + ^z^ + 2yz^){px^,p2u + P2i,P\v) 
+l6yz^P2^,P2,. + 4:z{-2y + ^y + + ^z){pif,p3^ + p^^piu) 

+^y{.iy -2z + iz + 2z'^){p2^,P3u + P3i,P2p 

2imglNcC, 



y2^2qA 



?^(2 - i)y'^e{iiiypis) - q^{Ayz - 2iyz + 2y^z - 2yz^)e{fiup2s) 
+q\2y^ - ^y^ - 2yz + 2^yz + iz')e{^ivp3s) 

+ P3f^)£il^PlP2s) + 4:y^iPlu + P3u)£ifJ'PlP2s) 

+ zp2fM + yP3pi)s{up2P3s) - ^yiypiu + Zp2v + yP'iy)e{lJ,p2P3s) (3) 



H 



2m''glNcC, 

y2^2q4: 

^ 2imglNcC, 

^2~;2g4 



- q^{.i{.y + - Ayz{l -y- z))g^^ + Syzp^^^p^^ 
q^i^y^ - '^yz + ^yz + iz^ + Ayz^)e{iJ,upis) 



-q^iz{y - z)e{iipp2s) + q^iy{y - z)e{^pp3s) 
-Ayz{pi^ + P3f,)e{upip2s) + Ayz{piy + P3u)£{^-PiP2s) 

-Ayz{pif, - + P3^l)!^{.^^PlP3s) + Ayz{piy - P2u + P3v)s{liPlP3s) 



(4) 
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2tmglNaC, 



- ^yz{pzS){Plf,P2y - P2t,Ply) + 4:yz{p2S + PzS){pi^,P'iu 

-q\^y^ - Ayz + 2iyz + 2y''z + ^z^ + Ayz^){p^^s, - s^p^,) 



-2q^yz'^{p2^,Su - s^p2u) - q^iiy"^ - 2yz + ^yz + 2y'^z){p^^Su - s^ps^) 



(5) 



and 



H 



- q\^y^ - ^yz + 2^yz - 2y^z + iz"^ + 2yz'^)e{fiupip2) 
-?^(2y^ - ^y^ - '^yz + 2iyz + ^z'^)e{fiupip3) + 4:q^^y^e{fivp2Pz) 

+ zp2i, + yp3,,)£ii^PiP2P3) - ^yiypiu + Zp2y + ypzv)e{iipiP2P-i) 

2mglNcC, 



y'^z'^q^ 



- - %z + 2^yz + 2y'z + ^z' + 2yz'){p2s) 

\{-2y' + iy" - 2yz + 2iyz + Ay'z + iz^){pzs))g^, 
-4:y^iP3s){pif,P2u + P2^,Plu) + 8yz{p3s)p2^,P2u 
-Ay{z{p2s) + y{p3s)){p2^,P3y + p-i^,P2u) + 2q^y'^z{pi^s^ + s^pi^) 
+q\^y^ - 4yz + 2iyz + Ay\ + ^z" + 2y2;2)(p2^s^ + s^p2u) 
+q\-2yz + ^y^; + 2y^z + ^2;^)(p3mSi. + s^^p^^] 



(6) 



where we have accounted for the spin dependence of the hadron tensor by using the quark's 
spin projector u{pi, s)u{pi, s) = (j^i + m)i(H-75^) when calculating the trace according to 
Eq. (|1|) . We have used the energy variables y = 1 — 2pi -q/q^ and z = 1 — 2p2 -q/q^ and the 
abbreviation ^ = AirP'/q^. Note that for the spin dependent contributions, H^^'^{s) are 
antisymmetric in /i and z/, while is symmetric in /i and v. For the spin independent 

pieces, the nonvanishing contributions Hj^^^ are symmetric, if^^ is antisymmetric in /x 
and I/, and there is no spin independent contribution to if^^. 

In this paper we are only concerned with the alignment polarization. The covariant 
form of the polarization four- vector associated with the alignment polarization is given by 
s^f" = -y)^ -^,0,0, 1 - y) (s^s^^ = -1) which reduces to s^'^ = (0,0,0, 1) in 

the rest system of the quark when y = 1 — y^. We then define unpolarized and polarized 
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structure functions if*^ and if^^j, {i = 1,2,3,4) according to 

h;. = H;^is') + H;,i-/), (7) 
= h;^{s')~h;^{-/). (8) 

In order to determine the polar angle dependence of the polarized and unpolarized cross 

section one turns to the helicity structure functions Hu = + H , Hl = Hqq and 

Hp = Hj^j^ — H which can be obtained from the covariant structure functions in Eqs. (|^) 

and (H) by the appropiate helicity projections of the gauge boson, 

H\z,-y\zn = ^^{.^z,-i)H^^e''*{\z,^) (9) 

and the same for H^^^. 

A convenient way of obtaining the helicity structure functions Ha {a = U, L, F) is 
by covariant projection, 

Hu = i-r - ^] H,. H, = ^H,^ H, = te^'^'^^^^H,^, (10) 

where g^u = g^u — lulu I and pi^ = pi^ — {pi ■ q)q^/q^ are the four-transverse metric 
tensor and the four-transverse quark momentum, respectively. Note that the covariant 
projectors defined in Eq. (|l^) are (y, z)-independent and can thus be freely commuted 
with the y- and z-integrations to be done later on. 

After all these preliminaries let us write down the differential polarized and unpo- 
larized three-body e+e^-cross sections, differential in cos 9 and in the two energy variables 
y and z. One has 

da^ 3,_, a „, daff 3 . o„ daf 

" ' cos^ 0)^14-^-3- + 7 sm^^ ^14- ^ 



d cos 9 dydz 8 dydz A dydz 

- '(l + cos^^)L^ + ..-'"^^ 



d cos 9 dydz 8 \ dy dz dy dz J 

3.9^/ daj daj \ 3 ^ da% 

+- sm^ 9 gii-r-j- + 9i2-r^ + - cos ^ 9AA-r^ (12) 
4 \ dydz dydz J 4 dydz 

where, in terms of the helicity structure functions defined above, one has 



dydz 3^"^ 1 167r^t> 



HI . (13) 



(a = U, L, F) and the same for cr^ a^^ etc. The gij couphng factors appearing in 
Eqs. ([TT|) and (|12D specify the electroweak structure of the lepton-hadron interaction and 
are hsted in Appendix C. The y, z and cos 6'-dependent polarization P^{cos9,y, z) is then 
given by the ratio of the polarized and unpolarized cross sections in Eqs. (0) and ([121) . 

The generalization of the above cross section expressions to the case where one starts 
with "longitudinally" polarized beams is straightforward and amounts to the replacement 
(see Appendix C) 

polarized: ^ [(^i - h-h+)gu + (h- - h^)gu] (14) 

94i [{h- -h+)gu + {l-h-h+)g4i] {i = l,2) 



unpolarized: g^. ^ [{i - h-h+)gu + {h' - h+)g^^ {i 

gu [(/i" - h'^)gu + (1 - h~h'^)gu] 



1,2) 



(15) 



where h and (—1 < h'^ < +1) denote the helicity polarization of the electron and the 
positron beam. Clearly there is no interaction between the beams when = h~ = ±1. 

We have presented the results of calculating the full {U + L) and the longitudinal 
piece (L) of the polarized hadron tensor in Here we add the last building block, 

namely the polarized hadron tensor projected on its forward/backward component (F), 
where the requisite covariant projector has been given in Eq. ([lOD . A straightforward 
calculation of the 0(0;^) tree-graph contributions leads to 



H^y. z) 



-4e-e'-2(2-0(2-30 



1 



-^(1- 0(2-0 f A + 3 



y2 ^2 



2^2/ - %^ - 6^^ - 4(2 - 0(3 - 20- 

2' 



1 

yz 



+2(1 - 0(2 - 0'— ^{^-2i-e)-^ (28 - 14^ + e)- 

y 



2 3 3 

+202 - 04 - e(4 - 0^ + 4^ + 2^^ - 2(^ 

z^ z^ z z^ 



30- 

z 



(16) 



H^iy, z) 



[i-yr-^ 



4 + e-2(2-30--Ol-Of4+ ^ 



+4z - 4(3 - 20- + 2(1 - 0(2 - 0- + 

z yz y 

+ (12-0- + 2e4-e^-4- 

z z^ z^ z 



(17) 
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(4-5o--e(i-o (\ + \ 

y \y ^\ 



-2(4-30- 



^y^ + 2z + 2- + 6^-2^ + 2(1 - 0(2 - 0-"^ 



z ' y z z ■ " ' ' yz 

In all three above expressions the denominator vanishes when the quark's three- 
momentum is zero, i.e. when pi = or, in terms of the y-variable, when y = 1 — y^. How- 
ever, a careful limiting procedure shows that the three structure functions in Eqs. ([T6|) - 
(p!8|) tend to finite limiting values (and not to zero as in the case of the longitudinal 

In contrast to this, the singularities aX y = z = {] 
constitute true IR-singularities. They can be regularized by introducing a small gluon 
mass TUg = \/K(p which has the effect to deform the phase-space boundary to 



structure functions treated in 



y- 
z±{y) 



22/ 



1 



[l~y-\i + ^ + -±-^{y-^Y-^i^J{l-yY-i] 

[ ^ y y^ ^ J 



(19) 
(20) 



4y + e 

Note that the introduction of a small gluon mass is required only to deform the integration 
boundary. In the calculation of the matrix elements we need not pay regard to the gluon 
mass. With the gluon-mass regulator one can then perform the finite integration over 
the two phase-space variables y and z. The integration over z gives the cross section's 
dependence on the quark energy variable y. We obtain 



H^\y) 



SnasNcCp 

{i-y)'-^ 



2{ 2 



(1-0(2-0^ 
y 



4(3-20(2-0 



+ (28 - 14e + e)y - 2(8 - 30?/' + V In 



'z+iyY 



--^[y-Ky-K^^[l-yf-^< 



z-{y)) 
801- 0(2 -Oy 

ey2 + 4A(l-y-e + A) 



0(2-0 
y 



32(2-0 -2(18-50?/ + 201/2 



(4-0(40 + 302/^ (4- O'l/' 



Hl\y) 



■^TcasNc-Cp 

i-y)'-^ 



2(4y + ' (4y + 0' 

(1-0(2-0 



(21) 



2i 2- 



4(3 - 20 



+ (12-Oy-42/Hln 



My), 



+-^{y-^Y 
y ^ 



X^J{l-yY-^< 



801-0?/ 



^y^ + Ak{l-y-i + K) 



+ 32 - 12?/ - 4 



42/ + e 



:22i 



IGna.NrC 



C^F 



i)(i^_,4-30 + 3.-.4.„(|±M- 



y 



y ^ 



y 



16?/ 



4^(1 -Oy 



ey2 + 4A(l 
(4-0'yl 



y-e + A) 



(23) 



4|/ + e (4?/ + 0^ 

Let us briefly pause to discuss the y-dependence of tlie forward/backward {F)- 
polarization component Pp wliicli we define as the (2 cos ^^)-moment of the full ^-dependent 
polarization P^{cos6), i.e. 

g4lHp + 



(2cos0P'(cos0)) 



(24) 



The IR-hmit y —>■ in Eq. (^) is well defined since the potentially singular term propor- 
tional to l/y in the numerator is cancelled by the l/y-terms of the denominator giving a 
finite polarization value for y ^ 0. In fact the limiting value of Pp can be calculated to 
be 



Pky - 0) 



2(2-0^741 + 2^^742 



(25) 



(4 - Ogn + S^9i2 ■ 

Turning to the other corner of phase-space y ^ 1 — y/^, the limiting value of the po- 
larization expressions can be obtained by expanding numerator and denominator around 
y = 1 — v^. As mentioned before, the {U + L)- and (L)-components of the polarization 
vanish in this limit, whereas the (F)-component of the polarization tends to the finite 
limiting value 

p.. /7^ 2((2-2v/^- 0^741 + e^?42) .... 

" 3((4 - 4V^ + 30^11 - ^^12) 

In Fig. 2 we have plotted the y-dependence of Pp for the top quark case for the three 

values ^/q^ = 380, 500 and 1000 GeV using a top quark mass of nit = 180 GeV The 

polarization Pp can be seen to tend to the two limiting values given in Eqs. (^) and (|26|) 

as 1/ — s> and y 1 — respectively. 

380 GeV to lie well above the nominal threshold value of 



■^We have chosen the lowest energ; 



^2 _ 



:y V 

360 GeV for a perturbative calculation to make sense. As is well known, the production dynamics 



in the threshold region requires the consideration of non-perturbative effects. For a discussion of top 
quark polarization effects in the threshold region see |9| . 
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Finally, with the integration over y we include the relative three-body/two-body 
phase-space factor g^/lGvr^f and express the result in terms of the rate functions 

^2 



ree) 



dydzHf\y, 



(27) 



for a = F, which gives 



Hl\tree) 



27TV 



4e-a^i- 2(2 -0(2-30^2 



-e(l - 0(2 - 0(^3 + J9) - 2^J4 - 4J6 - 6^J7 - 4(2 - 0(3 - 20^8 



+2(1 - 0(2 - O'Jio + (4 - 2e - e)Ju + (28 - 14^ + e)J: 
+2^(2 - 0^13 - 04 - 0^14 + 4Ji5 + 2eJi6 - 2(8 - 30^17 



(2^ 



HPitree) 



asNcCpQ^ 



2-KV 



(4 + Ji - 2(2 - 30 J2 - 01 - 0(^3 + J9) 
+4J7 - 4(3 - 20^8 + 2(1 - 0(2 - 0^10 + ^Jii 
+ (12 - 0^12 + 2eJi3 - e^i4 - 4Ji7 



(29) 



H^tree) 



UsNcCpq 



2 r 



- (4 - 50^2 - 01 - 0(^3 + S,) - 2(4 - 30^4 



+^5-6 + 2^8 + 2^9 + 6^10 - 2^n + 2(1 - 0(2 - 0^: 
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(30) 



The integrals Si have been computed and listed in [!|. Similar techniques allow one to 
calculate the integrals Ji (for details see |l|J3l)- They are listed in Appendix A. Remember 
that the IR-singularities in 6*3, 5*5, 512, J?,, J9 and Jio are cancelled by the corresponding 
IR-singularities of the virtual contributions. This is a consequence of the Lee-Nauenberg 
theorem. 



3 Soft- and hard-gluon regions 

For some applications it is desirable to split the three-body phase-space into a soft and a 
hard gluon region. The two regions are defined with respect to a fixed cut-off value of the 
gluon energy 

^cut-off ^ g^pj^ ^^^^ Eg/y^ < X and Eg/y^ > X define the soft and 

the hard-gluon regions, respectively. Technically the integration over the soft-gluon region 
is quite simple. The hard-gluon contribution can then be obtained as the complement of 
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the soft-gluon contribution. Since we provide numerically stable expressions for both the 
total 0{as) contribution and the soft-gluon contribution the computation of the hard- 
gluon contribution as the difference of the two constitutes a numerically stable procedure 
without that differences of large numbers are encountered. 

In as much as the soft-gluon contribution factorizes into a Born term part and a 
universal soft-gluon function we begin our discussion by listing the relevant nonvanishing 
Born term components of the hadron tensor. One has 

Born term: 

Hlf = ANcq^v 

Hr = 

Hlr^ = 2Naq\l + v^) Hf = 2Ncq\l-v^) 

HIj = 2Naq\l + v^) Hl = 2Ncq\l-v^) (31) 



Hi = Ncq\l-v^) = H 
H^p = ANaq^ 



where v = yl — Am? /q^ is the velocity of the quark in the cm. system. For completeness 
we note that the polarized and unpolarized Born term cross sections can be obtained from 
Eqs. ([Tl|) and (|12D by the replacement 

,32) 

and the same for the polarized cross sections. 

Turning to the soft-gluon region of the 0{as) tree-graph contribution, it is well- 
known that the soft hadronic tensor factorizes into the Born term structure times a uni- 
versal function of the soft-gluon energy. Integrating the soft-gluon spectrum and adding 
the 0{as) soft-gluon contribution to the Born term contribution, one obtains 



Hi = Hi(Born) 



TT [ \\/A/ V V \1 + V 



where the scaled maximal gluon energy A denotes the cut-off energy which separates the 
soft-gluon region from the hard-gluon region. The IR singularity present in the soft-gluon 
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region has been regularized as before by introducing a small gluon mass nig = \fK(p 
which of course can be chosen to be arbitrarily small compared to the energy cut-off 
parameter A. 

The total 0{as) soft-gluon contribution is then obtained by adding in the one-loop 
contribution. For the latter one has (see e.g. [|1],3) 

one-loop real part: 

Hlf = 4NcqMReA + ReC) 

Hf = 

Hl^ = 4Ncq\ReA + v^ReC) Hf = 4Ncq\Re A - Re C) 

H}j = 4Naq\ReA + v'^ReC) = 4Ncq\Re A - v"^ ReC) (34) 

Hi = 2Ncq\{l - v^) Re A + Re B) = Hi 

= 4NcqMReA + ReC) 

one-loop imaginary part: 

Hlf = -ANcq'^v{ImA- ImC) 

Hi' = (35) 

Hi = -ANcq^v{ImA- ImC) 

where the one-loop form factors A, B and C are given by 



Re A 



4:71 



Li2 —— + T In^ 



V \ \l-^vj 4 \l + vj 2 ^ 
ReB = ^^^—^\n(^—^) ReC = ReA-2ReB (36) 



Att V \1 + V 
a C 1 — 

IniB = 71 ImC = lmA-21mB. 

At: V 

The 75-even one-loop results for hI/I and H^j^^ are taken from The 75-odd one- loop 
contributions H^^, H"^ and Hp have been calculated in dimensional regularization with 
zero gluon mass using a naive anticommuting 75. The result was then converted to the 
gluon mass regularization scheme with the help of the substitution 
l/e-'^E + hi{A7iii^ /w?) \\i{Kq^/rn?). 
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Although the imaginary part of the one-loop contribution is only needed in the case 
of transverse normal polarization (see Q]), we have included it for completeness. It is 
quite apparent that the sum of the real gluon emission contributions in Eq. (|33| ) and the 
real one-loop contributions in Eq. (0) are IR finite, i.e. the dependence on A drops out 
in the sum. 

We have numerically evaluated the polarization in the soft-gluon region as a function 
of the gluon energy cut-off. We did not plot the results since the 0{as) corrections to 
the polarization are quite small. In the scale of our figures the corrections only become 
visible for A < 0.1% which is too low a cut-off- value for a fixed order perturbation series 
to make sense. In fact, the unpolarized 0{as) rate crosses zero and becomes negative at 
around A = 0.05% which again highlights the fact that such low cut-off values do not 
make any sense. One concludes that the 0{as) corrections go in the same direction for 
both polarized and unpolarized rates rendering the ratio unsensitive to 0{as) corrections. 

Let us now present our results for the fully integrated three-body tree-graph polar- 
ized rate functions in terms of the rate functions given in Eq. (^). As mentioned before, 
we integrate over the full phase-space keeping a small gluon mass as IR-cutoff. The com- 
plete 0{as) contribution is then given by adding in the 0{as) real one-loop contributions 
listed in Eq. (^41). One has 

W^'ias) = K\tree) + K\loop). (37) 

Note that the dependence on the IR-cutoff parameter A drops out in the sum of the two 
contributions. One has 
0{as) real part: 



- 2(1 - Ji){2 - QJi + 290 - IQvHii - IQvH 



Arcv 

-2 



10 



+8(2 - Ov{t7 - ts) - 2(8 + 2^ + 3r)t6 + 4(4 + d^vt 
asNcCpq^ 



(16-30e + ^e')(ii -i^2) 1 (3^ 



L - V0(2 - + 130 + 2O10 + 30^6 
-52ei;t3-024 - 70(ti-t2)l (39) 
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Hf{as) 



H^as) 



- 4(2 + 30^ - 16(2 - C)vti2 - 8(2 - C)vt 



asNgC^q^ 

-4(2 - 0\ts - tg) + 2^(10 - 0^5 + 2V^(1 - v^)(2 - ye)(4 + s/i)h 



+2(24-12^ + ^^3 
asNcCq' ^r _ ^^^^^^ _ ^^^^^ _ _ _ 

+2et5 + 2^(1 - + 2(6 - 0^3 



(40) 



(41) 



47rf 



2(2 + 70^ - 16(2 - Ovtu - 8(2 - O^^^io - 4(2 - Ol^s - tg) 
-2^(2 + 30^5 + 2ye(l - v^)(2 + 4V^ - 30t4 + (48 - 48^ + 7e')t3 ] (42) 
asNcC^q^ 



Attv 



12v - 16wt 



12 



10 



4(2-0(^8-^9 



+2et5 + 2v/e(l- V0^4 + 2(6-Ot 



(43) 



^^^^^ [ (8 - 23^ + le)v - S^vtu - i^vho - 2^(2 - 0(^8 - h) 



+2^(2 + 30^5 - 2^01 - \/6(2 + - 30^4 

+e(22 - 8^ + ^e)h 

asNcCq^ ^^ 3 _ _ ^^^^^ _ ^^^^^ _ _ _ 
Airv L 2 



(44) 



-2^t, - 2Jai - JOU + (6 - 4^ - -e^)t3 



asNcC^q^ 



Attv 



16a/01 - V^) - IQvHn - IQvH 
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+8(2 - ^)vitj - tg) - 4(4 - 50^6 + 8(2 - S^vt-s - 16(ti - 



(45) 



(46) 



Closed form expressions for the 0(a;s) rate functions ti (z = 1, . . . , 12) appearing in 
Eqs. ([38|)-(^6D can be found in Appendix B. They contain the set of basic I, J, S and T 
integrals calculated in (/, 5), |^ (T) and in Appendix A (J). They are associated with 
the various hadron tensor components in the following way: [7(5*, T), LiT), [U + L]iS) 
and FiJ) (polarized case) and f/(J, J), LiJ), [U + L]il) and -^(5*) (unpolarized case). 
We mention that, concerning the unpolarized (F)-component in Eq. (^61), closed form 



expressions for this component are also given in ||I0|] and ||11|]. We agree with the results 
of these authors. 



For our numerical evaluation we take the current world mean value for a,, i.e. 
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as{Mz) = 0.118 for five active flavours and evolve as by use of the one-loop renor- 
malization group equation. For the bottom and top mass we use pole mass values 
rrif, = 4.83 GeV [0] and nit = 180 GeV [||. We have repeated the numerical evalu- 
ation using MS running masses mb{rhb) = 4:AA GeV and fht{ffit) = 172.1 GeV where 
the running of the masses follows the momentum dependence of the corresponding one- 
loop renormalization group equation ||13| . However, since the polarization expressions are 
rather insensitive to which sets of masses is used, our numerical results in Figs. 2 and 3 
are given only in terms of the above pole masses. 

In Fig. 3 we show the polar angle dependence of the alignment polarization of top 
quarks in the continuum, and for bottom quarks on the Z. We want to emphasize that 
we define the 0{as) polarization such that we keep the full 0{as) dependence of the 
unpolarized rate functions in the denominator. Thus we do not expand the inverse of the 
rate functions in powers of as is sometimes done in the literature. 

The cos ^-dependence of the alignment polarization of the top quark shown in Fig. 3a 
is quite strong for all three cm. energies 380 GeV, 500 GeV and 1000 GeV and shows a 
strong forward-backward asymmetry signalling a strong (F)-component in the polariza- 
tion. The energy dependence of the alignment polarization is not very pronounced where 
the asymmetry becomes somewhat larger as the energy increases. Shown are the full 
0{as) results for the polarization. We did not plot the corresponding Born term results 
since the respective 0{as) and Born term results differ by less than 2% in absolute value. 
Again the 0{as) corrections in the numerator and in the denominator of the polarization 
expression tend to go in the same direction leaving the polarization practically unchanged 
under 0{as) corrections. For the bottom quark case shown in Fig. 3b we plot the Born 
term results and the full 0{as) results separately. Note, however, that the 0{as) correc- 
tions amount to only = 2% over the whole cos^ range. In order to be able to exhibit 
the size of the 0{as) corrections we chose to use a "suppressed zero" plot in Fig. 3b. 
The cos 6 dependence of the alignment polarization is very weak with a small asymmetry 
component. We have checked that using a running mass mi,{Mz) = 3.30 GeV in Fig. 3b 
changes the results by less than 0.2%. 
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4 Massless QCD and the zero-mass limit of QCD 



It is well known by now that, as concerns spin- flip contributions induced by gluon ra- 
diation, the zero-mass limit of QCD and massless QCD do not coincide, at least in 
the perturbative sector |[l|J^,3,P^,P^ ■ Since familiarity with this statement is not so 
widespread we want to use this section to highlight the difference between the m = 
and m — > 0{as) results for the alignment polarization. Needless to say that this has 
important practical implications for the calculation of polarization observables for the 
process Z — > light quark-pairs where one might be tempted to set the quark mass to zero 
from the very beginning because of the presence of the large Z-mass scale. 

Let us begin our discussion by listing the zero-mass Born term contributions. These 



are 



< = HIj = Hi' = = 4Naq' (47) 
nr = Hi = 0. (48) 

Next we write down the 0(0;^) zero-mass tree-graph contributions, which read 

Ht,%^{y,z) = Hlj^^{y,z) = 32na,NaC, ~ + ~ (49) 

yz 

Ht\y,z) = Hl{y,z) = 32nasNaC, ^^^^ (50) 

Hl\y,z) = HUy,z) = 32na,N,C, ( ^^ ~ + ~ - 2 . (51) 

Note that for massless QCD one has = = and = = to any order in 
This is implicit in the following discussion. 

The hadron tensors {a = U + L,F) become singular for y —>■ 1 and z 1. These 
singularities need to be regularized when integrating over {y, z) phase space. A partic- 
ularly convenient regularization scheme is regularization by dimensional reduction [|T^ 
where the spin degrees of freedom are kept in four dimensions and only scalar integrals 
are regularized dimensionally. In this scheme one can retain the matrix element expres- 
sions Eq. (^9|-pl|) when doing the n-dimensional phase space integration. After adding in 
the loop contribution (also regularized by dimensional reduction) the finite result can be 
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f'dy dzy-'z-%y + z-l)-' (52) 
Jo Jo 



transposed to the dimensional regularization scheme by adding in a finite global counter- 
term [|l^] which will be specified later on. The dimensional reduction calculation of the 
rates proceeds along the fines discussed in |T^. 

The tree-graph expressions have to be integrated with respect to the n-dimensional 
integration measure (n = 4 — 2e) 

16^ / r(i -£) io 

where we have again included the relative two-body/three-body phase-space factor 
g^/lGvr^ as before {v = 1 for massless quarks). 

The integrations can be done in standard fashion, and one obtains the tree-graph 
contributions 

Htf+dtree) = Hh+^tree) = 4iVog' ^^^^ (i^ + 1 + t) ^^^^ 
Hfitree) = Hl{tree) = ANaq'^C.C (54) 

H}.\tree) = HUtree) = ANaq'^C^C f 1 + 1 + 11 - ^) (55) 

71 2e 4 4/ 

where 

I, q' I r(i-3£) ' 

The right-most finite contributions in the round bracket of Eq. (|55| ) results from the 
integration of the right-most term in the round bracket of Eq. (^T])- 

The loop contributions in dimensional reduction are given by {Hj^ = H\ = 0) |18| 



Hlf = Hh = = H'^ = ANaq'^C^C S) (57) 

where one has to remember to do all 7-matrix manipulations in four dimensions. C is 
given by 

\-q') r(l-2£) ' 

For the real parts that are of interest here we have C = C + 0{e^). 

In order to convert our results to the more familiar dimensional regularization result 
we have to add the global counter-term, which reads {Hjf = H\ = 0) 

Htf = Hh = Hi' = Hl = iNaq'^C, (-1) . (59) 
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By adding up all the contributions including the counter-term we arrive at the full 
0{as) result 

Htfias) = Hhias) = ANaq^'^C, (60) 

Hl\as) = Hlias) = maq'^C, Q (61) 
H},\as) = H^Ms) = 0. (62) 

For easy reference one may add the Born term contribution to obtain the familiar result 
{Cp = 4/3) HIj^j^ = 4:Ncq'^{l + as/vr). The vanishing of Hp and thereby H}f in massless 
QCD has been noted before [0,|19[.| 

As it turns out one does not reproduce the polarized result in Eq. (|^) and in Eq. (|62|) 
when taking the m — limit in the corresponding expressions Eqs. (|38D and (1^) in Sec. 3, 
respectively. One obtains instead 



TT \4 



(63) 



Hf{a.) = iNaq'^cJl-) (64) 



TT ^ V2 
vr V 



(65) 



where, by hindsight, we have split the contributions in the round brackets into a normal 
spin non-flip piece and an anomalous spin-flip piece. Note the drastic changes in the 
0{as) results for H^f and Hp^ when the anomalous pieces are included. 

The anomalous spin-flip contributions have their origin in the coUinear limit where 

the spin-flip contribution proportional to m survives since it is multiplied by the 1/m 

collinear mass singularity. Because the anomalous spin-flip terms are associated with 

the collinear singularity, the flip contributions are universal and factorize into the Born 
§For a careful discussion of the 75-subtleties in dimensional regularization when deriving the zero result 
Hp{as) = wc refer the reader to ||l9|. In dimensional reduction the troublesome 75-odd traces can be 
completely avoided by deriving the cross section expression Eq. (js^) and the one- loop contribution Eq. ( |57| ) 
in a well-defined manner by use of e.g. helicity amplitudes in which the massless axial vector current 
helicity amplitudes are related to the massless vector current helicity amplitudes in canonical fashion. 
This is implicit in Eq. ( p7|) where we have used the relation Hp^ = Hp = H^j ~ to relate the 
troublesome 75-odd objects Hj^ — Hp to the unproblematic 75-even objects Hff, H^ using parity and 
75-invariance. 
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term contribution and an universal spin- flip bremsstrahlung function |T^. This explains 
why there is no anomalous contribution to Hff and why the anomalous flip contributions 
to Hif and Hp^ are equal. In fact the strength of the anomalous spin-flip contribution 
can directly be calculated from the universal helicity-flip bremsstrahlung function listed 
in [jTSf. One has 

^ = HiBorn)^C,y (66) 
ay Ztt 

where y is the energy fraction of the quark after the radiative flip transition relative to 
that of the radiating quark (0 < y < 1). Integrating over y one finds 

Then considering the fact that the flip contribution contributes negatively to the alignment 
polarization (see Eq. (^), and that there can be a flip on the antiquark side also, one 
reproduces exactly the anomalous flip contributions in Eqs. (|63D and (|65|) . 

It is important to realize that the anomalous spin flip contribution does not come 
into play when calculating the transverse polarization of a single quark, because of the 
extra m/ i/g^ factor in the transverse polarization expressions. However, when calculating 
quark- antiquark polarization correlation effects, the 0{as) anomalous contribution does 
come in even when considering transverse polarization effects. 



5 Summary and Conclusion 

We have presented the results of an 0{as) calculation of the full polar angle dependence of 
the quark's alignment polarization with respect to the electron beam direction including 
beam polarization effects. This completes a series of papers devoted to the full calculation 
of quark polarization effects on and off the Z-peak in e^e~-annihilations into a pair of 
massive quarks. When averaged over phase-space, the 0{as) corrections to the polariza- 
tion observables are generally small (typically of the order 2%) indicating that the 0{as) 
corrections to the polarized and unpolarized rates tend to go in the same direction. This 
of course must not be true everywhere in phase-space and for every polarization compo- 
nent. We mention that our results are also of relevance for the final-state radiative QED 
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corrections to lepton polarization in e^e — > r+r [PU|, where, to our knowledge, a full 



0{a) calculation including quark mass effects has not yet been published. 

We have not discussed how to measure the polarization of the quarks either when 
it decays as a free quark as in top quarks, or when it decays as a bound quark in e.g. 
polarized A^-baryon decays. There exist a long list of papers devoted to this subject. 



among which are the papers listed in pT] , p2| . Of particular interest is the transverse 



normal polarization studied in [^^^,^]. It provides the SM background to possible 
CP- violating contributions to transverse polarization considered in p3| , p4| . In fact, by 
comparing the transverse normal polarization of the quark and the antiquark, the truly 
CP- violating contributions can be separated . 



Recently there has been a thorough numerical study of gluonic corrections to top 
quark pair production and decay (interference effects not included) [^. By using helicity 
amplitudes for both the production and decay process, the full spin momentum correlation 



structure of the production and decay process has been retained in the calculation of |25|. 
The production-side information in is identical to the information contained in our 
paper. However, we believe that our results are physically more transparent since we have 
chosen a two-step approach in which we first represent the production-side dynamics 
in terms of the polarization components of the produced top quarks including beam 



polarization effects as in |25|. The polarization of the produced top quarks can then be 
probed by its subsequent decay. Also, by using analytical methods, we were able to effect 
large rate cancellations in sensitive areas of phase-space. These could lead to numerically 
unstable results in the purely numerical approach of [E^] when not properly dealt with. 



At any rate, by comparing the production-side results of ||25[ and our results one has a 
powerful check on the technically rather involved calculation of gluonic corrections to the 
polarization of quarks in e^e~-annihilation. 

Acknowledgement: We would like to thank D.H. Schiller for allowing us to freely quote 
from the unpublished material in when writing Appendix C. 
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Appendix A 



The list of J-integrals appearing in Section 2 had been calculated completely by an uniform 
substitution. The substitution 1 — y = v^(l + rf )/ (1 — r^^) leads to the replacement of 



the lower boundary y — hy rj — w :— \J — + V^)-, which occurs in most of the 

expressions. Remember also that we have v — \/l — ^. 

dy dz 



Ji 



{i-y?-i 

l^lnfi±^ 
A-i \l-v 

dy dz 1 

{i-y?-i y 



6 



In 



1 + v 



J. 



4-e Vl-^ 

dy dz 



1 



Ja 



4 

I 



y^ 

InA^ -ln^ + 21nT; + 21n2- 1 
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e(4-0 Vl-^; 
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1 + v 
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Appendix B 



It is convenient to define the mass dependent variables a := 2 + y^, b := 2 — and 
w := \J {I — v^)/(l + v^). The functions ti, . . . , ti2 appearing in Eqs. (|38D-(^6D are then 
given by 

^4 := Li2(w) - Li2(-tf) + Li2(-U7) - Li2(--w) (B3) 
+L, (i±i^) - L, (i^) . L, ( ^) - L, (^(if^) (B4) 



ln^(l + w) + \n\l -w) + \n i^-j ln(l - w^) + 

+Li. (^) . L. (^) - 2L. (M) ^ 

ya(l + w)y \a{l — w) J \ a J 

+L„ fi^i^:) + L„ fi^) - 2L„ fi 



2 / V 2 

.L.(^).Li.(^)-2L.g) ,B5) 
2 ,„ (l^] ,„ f i±i!) _ Li, (^] + L. + 



+Li2 - Li2 - 2Li2 + 2Li2 
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, 2aw \ ^ / 2aw \ ^ / aw \ ^ ( aw 
+Li2 — - Li2 - 2Li2 + 2Li2 



b + aw ) \ b — aw ) V & + aw J \ b — aw 
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•M ) Vi-t. 

+3(Lb(-^)-Lb(J^)) (B8) 
.(I), .:.(1<1^), ...(iii^) ,B. 
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Appendix C 



In this Appendix we generalize the cross-section expressions in the main text to include 
transverse and longitudinal beam polarization effects.]^ The cross section can be written 



in a matrix factorized form as 126 

da 



( 27ra^ ^ 



2 



^ gr'Aq^)U' ■ H'dPS, (CI) 

/ r',r=l 



where a = 1/137 is the structure constant, = 4_E^eam the total quared cm. beam 
energy, dPS the Lorentz-invariant phase space element and L ■ H stands for L^yH^'^ . 
The indices r and r' run over the four independent components of the hadron tensor 
if^*^^ (defined in Eq. @)) and the lepton tensor U^^, resp. (defined accordingly). H^^^ 
stands for the final hadron tensor regardless of whether one is considering polarized or 
unpolarized final states. In the case treated here (polarized quark), the hadron tensor 
would carry an additional index labelling the three independent polarization components 
of the quark. The coefficients of the energy dependent electro-weak coupling matrix 
Qr'rici'^) are given below. The factorized form of Eq. ( |U1D has the advantage that the 
various parts determining the cross section are separated into three modular pieces: L^^^ 
contains the angular dependences and the beam polarization parameters, H^^ contains the 
hadron dynamics of the final state and grir{(f') comprises the model dependent parameters 
of the underlying electro-weak theory. 

The electro-weak coupling matrix Qr'riQ'^) entering in Eq. (CT) is given by 



911 = Q]-'2'QfVeVfReXz + {vl + al){v) + a))\xz?, 

912 = Q)-2QfVeVfReXz + iyl + al){y)-a))\xz?, 

gi3 = -2QfVeaf Imxz, (C2) 



giA = 2QfVeaf Rexz ~2(yl + al)vfaf\x 



^Here we return to common usage and call the "alignment" polarization of the electron and positron 
beam their "longitudinal" polarization. 
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921 = 9/ - '^QfVeVf Re Xz + {vl - al) {vj + a))\xz 

922 ^ Qf- "^QfVeVf Re Xz + {vl - al) {vj - a))\xz 

923 = -2QfVeafImXz: 

924 = 2QfVeafReXz-2{vl-al)vfaf\xz\'^, 



931 = -2QfaeVfImxz, 

932 = -2QfaeVfImxz, 

933 = 2QfaeafReXz: 

934 = 2QfaeafImXz: 



(C2) 



5-41 = 2QfaeVfReXz-2veae{vj + aj)\xz\'^, 

942 = 2QfaeVfReXz-2veae{v)-a))\xz\^, 

943 = 2QfaeafImxz, 

944 = -2QfaeafReXz + ^VeaeVfaf\xz? 

where Xz{q^) = 9Mlq^/{q^ - + iMzTz)"^, with Mz and Fz the mass and width of 
the ZO and g = GF{S^/2na)-^ « 4.49 • IQ-^GeV-^ Qf are the charges of the final state 
quarks to which the electro- weak currents directly couple; Vg and a^, vj and aj are the 
electro-weak vector and axial vector coupling constants. For example, in the Wcinberg- 
Salam model, one has Vg — —1 + 4sin^^^, — —1 for leptons, Vf — 1 — |sin^^H^, 
a/ = 1 for up- type quarks {Qf — |), and Vf — —1 + |sin^^vK, o/ = —1 for down- type 
quarks {Qf = — |). The left- and right-handed coupling constants are then given by 
gi^ = V + a and gji = v — a, respectively. In the purely electromagnetic case one has 
9ii — 9i2 — 921 — 922 — Q} and all other gr'r — 0. The terms linear in Rexz and Imxz 
come from 7 — interference, whereas the terms proportional to |xzp originate from 
Z-exchange. 
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C.l Lepton tensor 



We first specify tlie lepton tensor in tlie laboratory frame denoted by a prime. The 
nonvanisliing elements of the lepton tensor UJ^^ (with r = 1,2,3,4 defined in analogy to 
Eq. (^) are given by 





h-h+), 


s 


= ~L2i = —i{h 




a 


L'll = L'22 = —{^x'^x' " 




s 


^12 = L'21 = + 


^y'^x')^ 


s 


L'll = ~-^22 = i^x'^y' + 


^y'^x')j 


s 


^12 = L'21 = ~i^x'^x' ~ 


^y'^y')^ 


s 


L'li = L'22 = 




s 


^12 = ~-^21 = — i(l — 


h-h+). 


a 



Here we have indicated the fi ^ u symmetry properties (s=symmetric, a=antisymmetric) 
of the various components of L'^^^ which will be of later convenience when considering the 
contraction with the hadronic tensor. The and denote the transverse beam polar- 
ization in and out of the accelerator plane, and ^y(= T^^) the longitudinal polarization 
(helicity) of e^. For natural transverse beam polarization of degree P in the case of a 
circular accelerator one has = (0, ±P, 0). 



C.2 Hadron tensor 

In the overall cm. system that we are considering, only the three space components of 
the hadron tensors {m,n = 1,2,3) contribute to the annihilation cross section in 
Eq. ( |C1|) . Also, since the hadron tensors are hermitean, there are in general nine 
real independent components for each r = 1,2,3,4. We introduce six symmetric 
and three antisymmetric real combinations under m ^ n (dropping the superscript r for 
compactness) in Table 1, with H^^i = e'^{a)H^iye*'^{a'), where 

£^(±) = -^(0; Tl, -z, 0), 6^(0) = (0; 0, 0, 1). (C4) 
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Table 1 contains the sperical as well as the Cartesian components of the nine independent 
hadron tensor components in the cm. system. We also list the ^ ^ v symmetry properties 
of the components as well as the parity nature of the product of currents in the helicity 
system (2-axis in event plane!). 



C.3 Angular correlations 

We are now in the position to consider the beam-event correlations that arise from the 
contraction of the lepton and hadron tensors. First we have to rotate the lepton tensors 
L'^„ given in Eq. (|C^ ) to the event plane. This is achieved by the Euler rotation illustrated 
in Fig. 4, 

Lkl{^, 0, X) = RkmiV, 0, X)Rln{V, 0, X)L'mn^ (C5) 

where cp, 6 and x ^^e the Euler angles describing the rotation from the beam-system to 
the event-system, and the Euler rotation matrix is given by 

R{^,e,x) (C6) 

/ cos cos 6 cos X — sin sin x sin ip cos 6 cos x + cos sin x — sin 6 cos x \ 
= — cos ip COS 6' sin X — sin (p cos x — sin 9? cos 6' sin x + cos ip cos x sin 6* sin x 
\ cos (p sin 6 sin ip sin 6 cos 6 / 



Let us note, though, that the contraction Lmn{f,0,x)Hmn is simplified by separately 
considering the symmetric and antisymmetric parts of L^n and according to the 
classification given in Table 1. Such symmetry considerations are also very helpful when 
one wants to assess quickly the influence of beam polarization on the measurement of the 
various hadron tensor components. One obtains (omitting again the superscript r): 

^Ll^Hmn = {l-h-h+)HA + {h- -h+)Hn, 

^Ll^Hmn = X{ip)HB + Yiip)Hc, 

^Ll^H^r. = X{^)Hc-Y{^)Hb, (C7) 
^Ll^H^n = {l-h-h+)HD + {h~ -H+)Ha, 



28 



where 



8 4 4 

3 3 3 

— - sin^ 9 sin 2yH4 j= sin 29 cos yHj H r= sin 29 sin Y-ffs, 

4 ^ 2V2 2\/2 

i^B = ^sin^^i/f/ - isin^^ifi + 7(1 + cos2^)cos2xi/T 
8 4 4 

3 3 3 

— (1 + cos^ 9) sin 2xif4 H ^ sin 29 cos X-f^/ ^ sin 29 sin X-f^5, 

4 2v2 2v2 

3 3 

He = -cos9sm2xHT + -cos9cos2xH4 (C8) 



3 3 

H — r= sin 6^ sin xHr H ^ sin 9 cos yifs, 

^2 y/2 



3 3 3 

Hd = - cos 9Hp ^ sin cos X-f^A H — ^ sin sin X-f^g, 

4 v 2 V 2 

with all hadron tensors referring to the event system and 

= {C'it' - iy'it') COS 2^ + (C'^,"^ + Sin 2lp, 

y{^) = -(C'C-ge,^)sm2^+(C4t + gei)cos2y,. (C9) 

Note that Hb and i^c" contain no more hadronic structure than H^. This means that 
the presence of transverse beam polarization does not increase the number of possible 
hadronic measurements. On the other hand, transverse beam polarization is helpful in 
disentangling the hadronic structure. 

Eq. ( |C7| ) gives the most general structure of possible beam-event correlations in the 
presence of beam polarization and final state polarization effects. The whole angular de- 
pendence on the relative beam-event angles (p, 9 and x is explicitly exhibited in Eqs. ( pTl) 
and since the hadronic helicity structure functions Ha are evaluated in the event 

frame and thus are independent of these angles. We repeat that, when we have been 
referring to the hadron tensor in this Appendix, this means either the unpolarized hadron 
tensor or the polarized hadron tensor carrying any number of additional polarization in- 
dices (in our case the quark's polarization index m which can take the three values m = ± 
(transversal perpendicular), N (transverse normal) and I (alignment)). Also, in this pa- 
per we have only considered the (?/)-, {L)- and (F)-components of the hadron tensor in 
Eq. ( |C8|) which remain after azimuthal (/?- and x-averaging. 
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Figure Captions 



Fig. 1: Born term and 0{as) contributions to e+e — > qq{g). One-loop wave func- 
tion renormalization graphs are omitted 

Fig. 2: ^/-dependence of the forward-backward component Ppiy) of the ahgnment 
polarization of top quarks produced in the continuum for cm. energies 
of 380 GeV (solid), 500 GeV (dashed), 1000 GeV (dashed-dotted) and 
1000 TeV (dotted). Also shown is the hmiting curve of Ppiy) for maxi- 
mal values of y (dotted curve in the upper half of the figure) 

Fig. 3: Polar angle dependence of the alignment polarization of 

a) top quarks in the continuum for cm. energies of 380 GeV (solid), 500 GeV 
(dashed) and 1000 GeV (dashed-dotted) 

b) bottom quarks on the Z-peak. Shown are Born term results (dotted) 
and full 0(«s) results (solid) 

Fig. 4: Definition of the Euler angles if, 9 and x relating the beam frame O^'y/z' 
and the event frame Oxyz- The three successive Euler rotations from the 
beam frame to the event frame are Rz'{(p) followed by Ry^id) and then by 

Rzix) 

Caption Table 1 

Independent helicity components of the hadron tensor iJ^,^ in the spherical basis (second 
column) and in the Cartesian basis (third column) . Column 4 gives the [i ^ v symmetry 
of the nine components and column 5 lists the parity of the products of contributing 
currents (pc: VV,AA and pv: VA,AV) for the unpolarized case and in round brackets 
for the polarized case. 
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Figure 1 
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